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To what extent is the entropy-area law universal ?
Multi-horizon and multi-temperature spacetime may break the
entropy-area law
Hiromi Saida∗)
Department of Physics, Daido University, Minami-ku, Nagoya 457–8530, Japan
It seems to be a common understanding at present that, once event horizons are in
thermal equilibrium, the entropy-area law holds inevitably. However no rigorous verification
is given to such a very strong universality of the law in multi-horizon spacetimes. Then,
based on thermodynamically consistent and rigorous discussion, this paper suggests an evi-
dence of breakdown of entropy-area law for horizons in Schwarzschild-de Sitter spacetime, in
which the temperatures of the horizons are different. The outline is as follows: We construct
carefully two thermal equilibrium systems individually for black hole event horizon (BEH)
and cosmological event horizon (CEH), for which the Euclidean action method is applicable.
The integration constant (subtraction term) in Euclidean action is determined with referring
to Schwarzschild and de Sitter canonical ensembles. The free energies of the two thermal
systems are functions of three independent state variables, and we find a similarity of our
two thermal systems with the magnetized gas in laboratory, which gives us a physical under-
standing of the necessity of three independent state variables. Then, via the thermodynamic
consistency with three independent state variables, the breakdown of entropy-area law for
CEH is suggested. The validity of the law for BEH can not be judged, but we clarify the key
issue for BEH’s entropy. Finally we make comments which may suggest the breakdown of
entropy-area law for BEH, and also propose two discussions; one of them is on the quantum
statistics of underlying quantum gravity, and another is on the SdS black hole evaporation
from the point of view of non-equilibrium thermodynamics.
Subject Index: 451, 454
§1. Introduction
Entropy-area law, which claims the equilibrium entropy of event horizon is equal
to one-quarter of its spatial area in Planck units,1), 2), 3) is the equation of state of
the event horizon in thermal equilibrium. This law has already been verified for
spacetimes possessing a single event horizon.4), 5), 7), 6) Then we may naively expect
that the entropy-area law holds also for multi-horizon spacetimes, once every horizon
is individually in thermal equilibrium. This expectation is equivalent to consider that
the thermal equilibrium of each horizon is the necessary and sufficient condition to
ensure the entropy-area law for each horizon. However this expectation has not been
rigorously verified in multi-horizon spacetimes. (Comments on existing researches on
Schwarzschild-de Sitter spacetime will be given in fourth, fifth and sixth paragraphs
in this section. Please wait for those paragraphs if the reader cares about existing
researches on multi-horizon spacetimes.) At present, there remains the possibility
that the thermal equilibrium may be simply the necessary condition of entropy-area
law. If we find an example that some event horizon does not satisfy the entropy-area
∗) saida@daido-it.ac.jp
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law even when it is in thermal equilibrium, then we recognize the thermal equilibrium
as simply the necessary condition of the entropy-area law.
We can consider a situation in which the entropy-area law may break down in
multi-horizon spacetime ∗). To explain it, it is necessary to distinguish thermody-
namic state of each horizon and that of the total system (multi-horizon spacetime)
composed of several horizons. Even when every horizon in a multi-horizon space-
time is in an equilibrium state individually, the total system composed of several
horizons is never in any equilibrium state if the equilibrium state of one horizon is
different from that of the other horizon. For example, if the temperatures of horizons
in a multi-horizon spacetime are different from each other, then a net energy flow
arises from a high temperature horizon to a low temperature one. Such multi-horizon
spacetime can not be understood to be in any equilibrium state, since, exactly speak-
ing, no energy flow arises in thermal equilibrium states. The thermal equilibrium
of total system (multi-horizon spacetime) is realized if and only if the temperatures
of all constituent horizons are equal. Therefore, when the temperatures of hori-
zons are not equal, the multi-horizon spacetime should be understood as it is in a
non-equilibrium state. Here it should be noticed that, generally in non-equilibrium
physics, once the system under consideration comes in a non-equilibrium state, the
equation of state for non-equilibrium case takes different form in comparison with
that for equilibrium case. Especially the non-equilibrium entropy deviates from the
equilibrium entropy (when a non-equilibrium entropy is well defined). Indeed, al-
though a quite general formulation of non-equilibrium thermodynamics remains un-
known at present, the difference of non-equilibrium entropy from equilibrium one is
already revealed for some restricted class of non-equilibrium systems.8), 9) Hence, for
multi-horizon spacetimes composed of horizons of different temperatures, it seems
to be reasonable to expect the breakdown of entropy-area law. However, since a
“non-equilibrium thermodynamics” applicable to multi-horizon spacetime has not
been constructed at present, we need to make use of “equilibrium thermodynamics”
to investigate thermodynamic properties of multi-horizon spacetimes.
Motivated by the above consideration, this paper treats Schwarzschild-de Sitter
(SdS) spacetime as the representative of multi-horizon spacetimes. We construct two
thermal equilibrium systems in SdS spacetime; one of them is for black hole event
horizon (BEH) and another is for cosmological event horizon (CEH). Note that, since
the temperature of BEH is always higher than that of CEH in SdS spacetime,10) we
need a good way to obtain thermal equilibrium systems of BEH and CEH. As will be
explained in detail in Sec.2, we will adopt the same way of constructing two thermal
equilibrium systems as Gibbons and Hawking have used in calculating the Hawking
temperatures of BEH and CEH;10) it is to introduce a thin wall between BEH and
CEH which reflects perfectly the Hawking radiation coming from the horizons. The
region enclosed by the wall and BEH (CEH) settles down to a thermal equilibrium
state, and we obtain two thermal equilibrium systems separated by the perfectly
∗) All discussions in this paper are based on the ordinary general relativity. The other modified
theories of gravity are not considered. Even if there is a breakdown of entropy-area law due to exotic
fields of modified theory, such a breakdown in modified theory is out of the scope of this paper.
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reflecting wall. Then we will examine the entropy-area law for the two thermal
equilibrium systems individually. (Although we are motivated by a non-equilibrium
thermodynamic consideration in previous paragraph, the whole analysis in this pa-
per is based on equilibrium thermodynamics and we discuss the two equilibrium
thermodynamics for BEH and CEH individually.) As will be explained in Sec.2, our
two thermal systems are treated in the canonical ensemble to obtain the free energies
of BEH and CEH. Hence we will make use of the Euclidean action method which
is regarded as one technique to obtain the partition function of canonical ensemble
of quantum gravity.11) (See Appendix A of this paper or of the previous paper.6))
Then we will find that the free energies are functions of three independent state vari-
ables. The existence of three independent state variables for SdS spacetime was not
recognized in existing works on multi-horizon spacetimes.10), 12), 13), 14), 15) But in this
paper, thermodynamically rigorous analysis with three independent state variables
will suggest a reasonable evidence of breakdown of entropy-area law for CEH. The
validity of the law for BEH will not be judged, but we will clarify the key issue for
BEH’s entropy. These results imply that the thermal equilibrium of each horizon
may not be the necessary and sufficient condition but simply the necessary condi-
tion of entropy-area law. The necessary and sufficient condition of the law may be
implied via some existing works as noted below:
Let us note that some proposals for thermodynamics of BEH and CEH in SdS
spacetime are already given to a case with some special matter fields and for an
extreme case with magnetic/electric charge.12) These examples are artificial to vanish
the temperature difference of BEH and CEH, and show that the entropy-area law
holds for SdS spacetime if the temperatures of BEH and CEH are equal. However,
in this paper, we consider a more general case which is not extremal and does not
include artificial matter fields. In all analyses in this paper, the temperatures of
BEH and CEH remain different and the discussions in those examples12) can not be
applied. If we find the breakdown of entropy-area law for the case that horizons have
different temperatures, then it is suggested that the necessary and sufficient condition
of entropy-area law is the thermal equilibrium of the total system composed of several
horizons in which the net energy flow among horizons disappears.
Next let us make comments on the case that horizons have different tempera-
tures. The construction of SdS thermodynamics with leaving horizon temperatures
different has already been tried in some existing works.10), 13), 14), 15) Those works as-
sume some geometrical conserved quantities to be state variables of SdS spacetime,
and derive the so-called mass formula which is simply a geometrical relation and
looks similar to the first law of black hole thermodynamics. However, the thermo-
dynamic consistency has not been confirmed in those works. Here “thermodynamic
consistency” means that the state variables satisfy not only the four laws of thermo-
dynamics but also the appropriate differential relations; for example, the differential
of free energy Fo with respect to temperature To is equivalent to the minus of entropy,
S0 ≡ −∂Fo/∂To ∗). If one asserts some theoretical framework to be a “thermody-
∗) There are many other similar differential relations in thermodynamics. Those relations are
the ones required in the “thermodynamic consistency”, and necessary to understand thermody-
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namics”, the framework must satisfy the thermodynamic consistency. Therefore,
exactly speaking, it remains unclear whether those existing works10), 13), 14), 15) are
appropriate as “thermodynamics” ∗). On the other hand, it seems to be preferable
that the number of assumptions for thermodynamic formulations of BEH and CEH
is as small as possible. In order to introduce the minimal set of assumptions which
preserves thermodynamic consistency, we will refer to Schwarzschild thermodynam-
ics formulated by York4) (and also refer to de Sitter thermodynamics6) which is also
based on York4)).
Furthermore, motivated by the dS/CFT correspondence conjecture,16) some ex-
isting works14) focus their attention on the future and past null infinities in SdS
spacetime (see Fig.1 shown in Sec.2, I± is the null infinities). Those infinities may
be appropriate to discuss some geometrical quantities. However, as implied by the
causal structure of SdS spacetime, the future null infinity seems to be inappropri-
ate to discuss thermodynamic properties of BEH and CEH, because any observer
near future null infinity (not near the future temporal infinity i+) can not “access”
BEH ∗∗).
Hence, contrary to the existing works, the analysis in this paper is based on the
following two points:
• As will be explained precisely in next section, we focus our attention on the
region enclosed by BEH and CEH (not on null infinity) in SdS spacetime as the
object of thermodynamic interests.
• We have a high regard to the “thermodynamic consistency” preserved by the
minimal set of assumptions without referring to some geometrical conserved
quantities and dS/CFT correspondence.
Then, as the result of these two points, a suggestion of breakdown of entropy-area
law will be obtained.
Here let us emphasize that, in next section, we exhibit explicitly the assump-
tions on which our discussion is based. We think readers can judge the approval or
disapproval to every part of our assumptions and analyses. Therefore, even if some
part of our discussion and analysis is not acceptable for some reader, we hope this
paper can propose one possible issue about the universality of entropy-area law.
This paper is organized as follows: Sec.2 introduces the minimal set of assump-
tions in which, with referring to Schwarzschild and de Sitter canonical ensembles,4), 6)
the two thermal equilibrium systems for BEH and CEH are constructed, and the spe-
cial role of the cosmological constant is also pointed out. Sec.3 is for the calculation
of Euclidean actions of the two thermal equilibrium systems. Sec.4 discusses thermo-
dynamics for BEH and examines the entropy-area law for BEH. In that section, the
namic properties of the system under consideration; e.g. phase transition, thermal and mechanical
stabilities, and equations of states.
∗) Those existing works10), 13), 14), 15) preserve/assume the entropy-area law without confirming
thermodynamic consistency. Hence, if the breakdown of entropy-area law is concluded via the
thermodynamic consistency, those existing works can not be regarded as “thermodynamic” theory.
∗∗) The observer going towards the future temporal infinity i+ in Fig.1 can “access” BEH, since
the BEH becomes a boundary of the causally connected region of that observer (the region I in
Fig.1).
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validity of the law for BEH can not be judged, but the key issue for BEH’s entropy
is clarified. Sec.5 proposes a reasonable evidence of the breakdown of entropy-area
law for CEH. Finally Sec.6 is for summary and discussions, in which we make some
physical comments which may suggest the breakdown of entropy-area law for BEH
without rigorous verification, and propose two discussions; one of them is on the
quantum statistics of underlying quantum gravity, and another is on the SdS black
hole evaporation process from the point of view of non-equilibrium thermodynam-
ics. And four appendices support the main text of this paper: Appendix A and B
summarize, respectively, the Euclidean action method and the essence of York’s
Schwarzschild thermodynamic, Appendix C exhibits useful differential formulas for
calculations of thermodynamic state variables, and Appendix D analyzes the Nariai
limit (extremal limit) of our SdS thermodynamics. Throughout this paper we use
the Planck units, c = G = ~ = kB = 1.
§2. Minimal set of assumptions
2.1. Preliminary
Let us dare to start this section with the discussion given already in de Sitter
canonical ensemble,6) because this discussion is conceptually essential for thermody-
namic consistency.
The aim of this section becomes clear by considering the relation between ther-
modynamics and statistical mechanics.17), 18) In statistical mechanics, the partition
function can not be expressed as a “function of state variables” unless the appropri-
ate state variables, on which the partition function depends, are specified a priori.
To understand this, consider for example an ordinary gas in a spherical container of
radius L, in which the number of constituent particles is N , the mass of one particle
ism and the mean velocity of particles is v. The ordinary statistical mechanics, with-
out the help of thermodynamics, yields the partition function Zgas = Zgas(L,N,m, v)
as simply a function of “parameters”, L, N , m and v. Statistical mechanics, solely,
can not determine what combinations of those parameters behave as state variables.
To determine it, the first law of thermodynamics is necessary. (Note that the notion
of heat in the first law is established by purely the argument in thermodynamics,
not in statistical mechanics.) Comparing the differential of partition function with
the first law results in the identification of partition function with the free energy
divided by temperature. Then, since the free energy of ordinary gases is a function
of the temperature and volume due to the “thermodynamic” argument, the partition
function Zgas(L,N,m, v) should be rearranged to be a function of temperature and
volume Zgas(V, T ), where V = (4π/3)L
3 and T = mv2 for ideal gases due to the law
of equipartition of energy ∗). (The dependence on N is, for example, Zgas ∝ N for
ideal gases.)
Here note that the reason why the temperature and volume are regarded as the
state variables of the gas is that they are consistent with the four laws of “thermo-
∗) When the number of particles N changes by, for example, a chemical reaction and an exchange
of particles with environment, N is also the state variable on which the free energy depends.
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dynamics” and have the appropriate properties as state variable. The appropriate
properties are that the state variables are macroscopically measurable, the state vari-
ables are classified into two categories, intensive variables and extensive variables,
and the extensive variables are additive. Those properties of state variables are
specified by purely the argument in thermodynamics, not in statistical mechanics.
Therefore, from the above, it is recognized that statistical mechanics can not yield
the partition function as a “function of appropriate state variables” without the help
of thermodynamics which specifies the appropriate state variables for the partition
function.
Turn our discussion to the Euclidean action method for curved spacetimes. Since
the Euclidean action method is the technique to obtain the “partition function” of
the spacetime under consideration (see Appendix A), it is necessary to specify the
state variables before calculating the Euclidean action. In this section, referring to
Schwarzschild and de Sitter canonical ensembles,4), 6) we introduce the minimal set of
assumptions for SdS thermodynamics, which specify the appropriate state variables
for the partition function. Also, the special role of cosmological constant is clarified,
which is already found in previous works.6), 15) The calculation of Euclidean action
is carried out not in this section but in next section.
2.2. SdS spacetime
Before introducing the minimal set of assumptions, let us summarize the Lorentzian
SdS spacetime in order to prepare some quantities used in the following discussions.
The metric of SdS spacetime in the static chart is
ds2 = −f(r) dt2 + dr
2
f(r)
+ r2 dΩ2 , (2.1)
where dΩ2 = dθ2 + sin2 θ dϕ2 is the line element on the unit two-sphere, and
f(r) := 1− 2M
r
−H2 r2 , 3H2 := Λ , (2.2)
where M is the mass parameter of black hole and Λ is the cosmological constant.
The Penrose diagram of SdS spacetime is shown in Fig.1, and the static chart covers
the region I.
An algebraic equation f(r) = 0 has one negative root and two positive roots.
The smaller and larger positive roots are, respectively, the radius of BEH rb and that
of CEH rc. The notion of CEH is observer dependent and the CEH at rc is associated
with the observer going towards the temporal future infinity i+ in region I.10) The
equation f(r) = 0 is rearranged to 4 r˜3 − 3 r˜ +√27M H = 0, where r˜ := √3H r/2.
Then via a formula, sin θ = −4 sin3(θ/3) + 3 sin(θ/3), we get
rb =
2√
3H
sin
(α
3
)
, rc =
2√
3H
sin
(
α+ 2π
3
)
, (2.3)
where α is defined by, sinα :=
√
27M H. The existence condition of BEH and CEH
is 0 <
√
27M H < 1. This is equivalent to, 0 < α < π/2, which means
2M < rb < 3M <
1√
3H
< rc <
1
H
. (2.4)
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Fig. 1. Penrose diagram of SdS spacetime. I± are the future/past null infinity, i+ is the future
temporal infinity. BEH is at r = rb, and CEH at r = rc. Spacetime singularity is at r = 0. Static
chart covers the region I. Semi-global black hole chart covers the regions I, IIb, IIIb and IVb.
Semi-global cosmological chart covers the regions I, IIc, IIIc and IVc. The maximal extension
is obtained by connecting the two semi-global charts alternately.
This denotes that rb is larger than the Schwarzschild radius 2M and rc is smaller
than the de Sitter’s CEH radius H−1.
SdS spacetime has a timelike Killing vector ξ := N ∂t, whereN is a normalization
constant.19) This ξ becomes null at BEH and CEH. This means those horizons are
the Killing horizons of ξ. The surface gravity of BEH κb and that of CEH κc are
defined by the equations, ∇ξ ξµ |r=rb = κb ξµ |r=rb , ∇ξ ξµ |r=rc = κc ξµ |r=rc . The
surface gravity depends on N . Throughout this paper we take the normalization
N = 1 for BEH, and N = −1 for CEH to make κc positive ∗). Then the surface
gravities become equal to the absolute value |(1/2) df(r)/dr| at each Killing horizon,
κb =
H2
2rb
(rc − rb) (2 rb + rc) = 1
2 rb
(
1− 3H2 r2b
)
,
κc =
H2
2rc
(rc − rb) (rb + 2 rc) = 1
2 rc
(
3H2 r2c − 1
)
,
(2.5)
where Eq.(2.3) is used in the second equality in each equation. From the inequality
rb < rc in Eq.(2.4), we get
κb > κc . (2.6)
This implies the Hawking temperature of BEH is higher than that of CEH, which
will be verified by Eqs.(4.1) and (5.1).
For later use, let us show some differentials,
∂ rb
∂M
=
2
1− 3H2 r2b
,
∂ rb
∂H
= − rb
H
+
M
H
∂ rb
∂M
, (2.7a)
∂ rc
∂M
= − 2
3H2 r2c − 1
,
∂ rc
∂H
= − rc
H
+
M
H
∂ rc
∂M
, (2.7b)
and
∂ κb
∂M
= − 1
r2b
1 + 3H2 r2b
1− 3H2 r2b
,
∂ κb
∂H
=
1− 3H2 r2b
2H rb
+
M
H
∂ κb
∂M
, (2.7c)
∗) Even if N = 1 for CEH, we can keep consistency of our analysis by changing the signature of
κc appropriately.
8 Hiromi Saida
∂ κc
∂M
= − 1
r2b
3H2 r2c + 1
3H2 r2c − 1
,
∂ κc
∂H
=
3H2 r2c − 1
2H rc
+
M
H
∂ κc
∂M
, (2.7d)
where we used a formula, cos θ = 4 cos3(θ/3) − 3 cos(θ/3), and the differentials,
∂Mα =
√
27H/ cosα, and ∂Hα =
√
27M/ cosα, obtained from the definition of α,
sinα :=
√
27MH.
The metric in semi-global black hole chart is given by the coordinate transfor-
mation from (t, r, θ, ϕ) to (ηb, χb, θ, ϕ):
ηb − χb := −e−κb(t−r∗) , ηb + χb := eκb(t+r∗) , (2.8)
where dr∗ := dr/f(r) which means
2 r∗ = ln
∣∣∣∣ rrb − 1
∣∣∣∣
1/κb
− ln
∣∣∣∣1− rrc
∣∣∣∣
1/κb
+ ln
∣∣∣∣ rrb + rc + 1
∣∣∣∣
1/κc−1/κb
. (2.9)
We get by this transformation,
ds2 = Υb(r)
[−dη2b + dχ2b ]+ r2 dΩ2 , (2.10)
where
Υb(r) :=
2M
κ2b r
(
1− r
rc
)1+κb/κc ( r
rb + rc
+ 1
)2−κb/κc
. (2.11)
The transformation (2.8) implies the range of coordinates, −χb < ηb < χb and 0 < χb,
which covers the region I in Fig.1. By extending to the range, −∞ < ηb < ∞ and
−∞ < χb < ∞, the semi-global black hole chart covers the regions I, IIb, IIIb and
IVb in Fig.1. In these regions we find Υb > 0 since r < rc.
The metric in semi-global cosmological chart is given by the coordinate trans-
formation from (t, r, θ, ϕ) to (ηc, χc, θ, ϕ):
ηc − χc := eκc(t−r∗) , ηc + χc := −e−κc(t+r∗) , (2.12)
where r∗ is given in Eq.(2.9). By this transformation we get
ds2 = Υc(r)
[−dη2c + dχ2c ]+ r2 dΩ2 , (2.13)
where
Υc(r) :=
2M
κ2c r
(
r
rb
− 1
)1+κc/κb ( r
rb + rc
+ 1
)2−κc/κb
. (2.14)
The transformation (2.12) implies the range of coordinates, χc < ηc < −χc and
χc < 0, which covers the region I in Fig.1. By extending to the range, −∞ < ηc <∞
and −∞ < χc <∞, the semi-global cosmological chart covers the regions I, IIc, IIIc
and IVc in Fig.1. In these regions we find Υc > 0 since rb < r.
The maximally extended SdS spacetime is obtained by connecting the two semi-
global charts alternately as shown in Fig.1.
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2.3. Minimal set of assumptions and working hypothesis
As mentioned in Sec.2.1, we introduce the minimal set of assumptions with re-
ferring to Schwarzschild thermodynamics formulated by York.4) Those assumptions
should construct thermal systems for SdS thermodynamics and give us enough state
variables which appear as independent variables in the free energy of our thermal
system. There are three key points in Schwarzschild thermodynamics from which we
can learn about the way to ensure the “thermodynamic consistency” in SdS ther-
modynamics. Those key points are the same from which the basic assumptions of
de Sitter thermodynamics are introduced in previous paper,6) and we summarize
those three key points in Appendix B of this paper.
Here we must comment on Anti-de Sitter (AdS) black holes.7) AdS black hole
thermodynamics has a conceptual difference from the other black hole thermodynam-
ics. The difference appears, for example, in the definition of temperature. While the
temperatures in asymptotic flat black hole and de Sitter thermodynamics include
the Tolman factor ,4), 5), 6), 20) the temperature assigned to AdS black hole7) does not
include the Tolman factor, where the Tolman factor20) expresses the gravitational
redshift affecting the Hawking radiation propagating from horizon to observer (see
for example Eq.(4.1) in Sec.4.1 and the key point 3 of Schwarzschild thermodynam-
ics in Appendix B). The temperature in AdS black hole thermodynamics can not be
measured by a thermometer of the physical observer who are outside the black hole.
This implies that the state variables in AdS black hole thermodynamics are defined
not by the observer outside the black hole, but defined just on the black hole event
horizon on which no physical observer can rest. In this paper we do not refer to AdS
black hole thermodynamics, since it seems to be preferable to expect that state vari-
ables are defined according to a physical observer. Hence we refer to Schwarzschild
thermodynamics, which is based on a physical observer (See Appendix B).
2.3.1. Zeroth law and independent variables
We will construct two thermal equilibrium systems for BEH and CEH, but place
only one observer who can measure the state variables of BEH and CEH. Such
observer is in the region I, rb < r < rc (see Fig.1). However, as mentioned at
Eq.(2.6), Hawking temperature of BEH is higher than that of CEH. This temperature
difference implies that, when the region I constitutes one thermodynamic system,
the thermodynamic state of region I is in a non-equilibrium state. Therefore, by
dividing the region I into two regions, we construct two thermal equilibrium systems
for BEH and CEH individually which are measured by the same observer. To do so,
we adopt the following assumption as the zeroth law:
Assumption 1 (Zeroth law) Two thermal “equilibrium” systems for BEH and
CEH in SdS spacetime are constructed by the following three steps:
1. Place a spherically symmetric thin wall at r = rw in the region I, rb < rw < rc,
as shown in Fig.2. This wall has negligible mass, and reflects perfectly Hawking
radiation coming from each horizon. We call this wall the “heat wall” hereafter.
The BEH side of heat wall is regarded as a “heat bath” of Hawking temperature
of BEH due to the reflected Hawking radiation. Also the CEH side of heat wall
is regarded as a heat bath of Hawking temperature of CEH.
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B
E
H
C
E
H
Heat Wall : r = rw  (Observer is here)
Db : rb < r < rw Dc : rw < r < rc
i+
Fig. 2. Our thermal equilibrium systems for BEH (Db) and CEH (Dc). State variables of them are
defined at the heat wall.
2. The region Db enclosed by BEH and heat wall, rb < r < rw, is filled with
Hawking radiation emitted by BEH and reflected by heat wall, and forms a
thermal equilibrium system for BEH. Similarly the region Dc enclosed by CEH
and heat wall, rw < r < rc, forms a thermal equilibrium system for CEH.
Hence we have “two” thermal equilibrium systems separated by the heat wall.
In the statistical mechanical sense, these two thermal equilibrium systems are
described by the canonical ensemble, since those systems have a contact with
the heat wall.
3. Set our observer at the heat wall. When the observer is at the BEH side of heat
wall, the observer can measure the state variables of thermal equilibrium system
for BEH. The same is true of CEH. Then the state variables of two thermal
equilibrium systems are defined by the quantities measured by the observer at
heat wall.
Note that the two thermal equilibrium systems constructed in this assumption have
already been used by Gibbons and Hawking10) to calculate Hawking temperatures
of BEH and CEH. Also the above step 3, which gives a criterion of defining state
variables, has already been adopted in the consistent thermodynamics of single-
horizon spacetimes.4), 5), 6) We can regard this assumption as a simple extension of
the key point 1 of Schwarzschild thermodynamics shown in Appendix B.
It is expected that state variables of the thermal equilibrium system for BEH
depend on BEH radius rb and/or BEH surface gravity κb. Similarly, state variables
of CEH depend on rc and/or κc. These imply that the state variables of BEH and
CEH depend on M and Λ, since the horizon radii and surface gravities depend on
M and Λ via Eqs.(2.3) and (2.5). Furthermore, by the step 3 in assumption 1, there
should be rw-dependence in state variables of BEH and CEH, since the observer is at
r = rw. Therefore the state variables of BEH and CEH depend on three parameters
M , Λ and rw.
The existence of three parameters (M,Λ, rw) may imply that the CEH is re-
garded as a source of external gravitational field which affects the thermodynamic
state of BEH. Also, BEH is a source of external gravitational field affecting the ther-
modynamic state of CEH. Here it is instructive to compare qualitatively our two
thermal equilibrium systems of horizon with a magnetized gas. The gas consists of
molecules possessing a magnetic moment, and its thermodynamic state is affected
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by an external magnetic field. The qualitative correspondence between the magne-
tized gas and our thermal equilibrium systems of horizon is described as follows; the
gas corresponds to the system Db (Dc), and the external magnetic field corresponds
to the external gravitational field produced by CEH (BEH). Then, what we should
emphasize is the following fact of the magnetized gas: When the gas is enclosed in
a container of volume Vgas and an external magnetic field ~Hex is acting on the gas,
the free energy Fgas of the gas is expressed as a function of three independent state
variables (see for example §52, 59 and 60 in Landau and Lifshitz18)),
Fgas = Fgas(Tgas, Vgas, ~Hex) , (2.15)
where Tgas is the temperature of the gas. According to this fact of the magnetized
gas, it is reasonable for our two thermal equilibrium systems of horizons to require
that the free energies are also functions of three independent state variables. For the
BEH, the free energy Fb is
Fb = Fb(Tb, Ab,Xb) , (2.16)
where Tb is the temperature of BEH, Ab is the state variable of system size, and Xb
is the state variable which represents the effect of CEH’s gravity on the BEH. And
for the CEH, the free energy Fc is
Fc = Fc(Tc, Ac,Xc) , (2.17)
where Tc is the temperature of CEH, Ac is the state variable of system size and
Xc is the state variable which represents the effect of BEH’s gravity on the CEH.
Indeed, it will be proven in Secs. 4.1 and 5.1 that the thermodynamic consistency
never hold unless the free energies are functions of three independent variables as
shown in Eqs.(2.16) and (2.17).
Now we recognize that, because free energies are functions of three independent
variables (as will be verified in Secs. 4.1 and 5.1), the following working hypothesis
is needed:
Working Hypothesis 1 (Three independent variables) To ensure the thermo-
dynamic consistency of our thermal equilibrium systems constructed in assumption 1,
we have to regard the cosmological constant Λ as an independent working variable.
Then the three quantities (M,Λ, rw) are regarded as independent variables, and con-
sequently the free energies Fb and Fc of our thermal equilibrium systems are functions
of three independent state variables as shown in Eqs.(2.16) and (2.17). On the other
hand, when we regard the non-variable Λ as the physical situation, it is obtained by
the “constant Λ process” in the consistent thermodynamics for BEH and CEH which
are constructed with regarding Λ as a working variable.
This working hypothesis will be verified in Secs. 4.1 and 5.1, and we can not
preserve thermodynamic consistency without regarding Λ as an independent working
variable. This implies that, as already commented in Sec.V of previous paper,6)
the thermal equilibrium states of event horizon with positive Λ may construct the
“generalized” thermodynamics in which Λ behaves as a working variable and the
physical process is described by the constant Λ process.
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2.3.2. Scaling law and system size
In thermodynamics of ordinary laboratory systems, all state variables are clas-
sified into two categories, extensive state variables and intensive ones. The criterion
of this classification is the scaling behavior of state variables under the scaling of sys-
tem size. However, as explained by the key point 2 of Schwarzschild thermodynamics
shown in Appendix B, the state variables in thermodynamics of single-horizon space-
times4), 5), 6) have its own peculiar scaling behavior classified into three categories,
and the state variable of system size is not a volume but the surface area of heat bath.
Although the scaling behavior differs from that in thermodynamics of ordinary lab-
oratory systems, the peculiar scaling behavior in thermodynamics of single-horizon
spacetimes retains the thermodynamic consistency as explained in the key point 3
in Appendix B. Then, we assume that the key point 2 of Schwarzschild thermody-
namics is simply extended to our two thermal equilibrium systems constructed in
the assumption 1:
Assumption 2 (Scaling law and system size) All state variables of our ther-
mal equilibrium systems are classified into three categories; extensive variables, in-
tensive variables and thermodynamic functions, and satisfy the following scaling law:
When the length size L (e.g. horizon radius) is scaled as L→ λL with an arbitrary
scaling rate λ (> 0), then the extensive variables X (e.g. system size) and intensive
variables Y (e.g. temperature) are scaled respectively as X → λ2X and Y → λ−1 Y ,
while the thermodynamic functions Φ (e.g. free energy) are scaled as Φ → λΦ.
This implies that the thermodynamic system size of our thermal equilibrium systems
should have the areal dimension, since the system size is extensive in thermodynamic
argument. Then we assume that the surface area of heat wall, A := 4πr2w, behaves as
the consistent extensive variable of system size for our thermal equilibrium systems
for BEH and CEH. This denotes to set Ab = Ac = A in Eqs.(2.16) and (2.17).
Accepting this assumption, the length size scaling in our thermal equilibrium
systems for BEH and CEH should be specified. Here recall that, due to the working
hypothesis 1, the fundamental independent variables in our thermal equilibrium
systems are M , Λ and rw. Therefore the fundamental length size scaling for our
thermal equilibrium systems is composed of the following three scalings;
M → λM , H → 1
λ
H , rw → λ rw , (2.18)
where H is defined by 3H2 := Λ in Eq.(2.2), and λ is an arbitrary scaling rate. The
extensivity and intensivity of each state variable of our thermal equilibrium systems
should be defined under these fundamental length size scalings as explained in the
assumption 2. ∗)
∗) As explained in Appendix B in previous paper,6) when we regard A := 4pi r2w as a state
variable of system size, the scaling of system size should be restricted to the homothetic one, which
is the spherical scaling due to the spherical symmetry of SdS spacetime. The fundamental length
size scaling (2.18) is consistent with this restriction. See Appendix B in previous paper6) for details
of such restriction.
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2.3.3. Euclidean action method and how to obtain state variables
We need to specify how to get the state variables. As noted in the step 2
in assumption 1, thermodynamics of our two thermal equilibrium systems should
be constructed in the canonical ensemble. Therefore we use the Euclidean action
method which is the technique to calculate the partition function of quantum grav-
ity.11) Indeed, the Euclidean action method has already made successes to obtain the
partition function of canonical ensemble for the thermodynamics of single-horizon
spacetimes.4), 5), 7), 6) The key point 3 in Appendix B explains how to use the Eu-
clidean action and to define state variables for Schwarzschild thermodynamics. Then,
referring to the key point 3, we adopt the following assumption:
Assumption 3 (State variables and Euclidean action method) Euclidean ac-
tions IEb and IEc of our two thermal equilibrium systems yield the partition functions
of canonical ensembles by Eq.(A.3) of Appendix A. And the free energies Fb and Fc
are defined by Eq.(A.5), where the temperatures are defined by Eq.(A.4). Then, once
Fb and Fc are determined, all state variables of BEH and CEH are defined from Fb
and Fc as for thermodynamics of ordinary laboratory systems. For example, BEH
entropy Sb is defined by Sb := −∂Fb/∂Tb, where Tb is the temperature of BEH.
As seen in Eq.(A.2), the Euclidean action is produced from the Lorentzian action.
The Lorentzian Einstein-Hilbert action IL is
IL :=
1
16π
∫
M
dx4
√−g (R− 2Λ) + 1
8π
∫
∂M
dx3
√
hK + I0 , (2.19)
whereM is the spacetime region under consideration, R is the Ricci scalar, g is the
determinant of metric, h and K in the second term are respectively the determinant
of first fundamental form (induced metric) and the trace of second fundamental
form (extrinsic curvature) of the boundary ∂M, and I0 is the integration constant
of IL and called the subtraction term. The second term in Eq.(2.19) is required to
eliminate the second derivatives of metric from the action.21) The I0 is independent
of the metric in M, and does not contribute to the Einstein equation obtained by
δIL = 0. The Einstein equation for SdS spacetime gives the relation R = 4Λ.
When we use the Euclidean action method, it is necessary to specify the inte-
gration constant I0. It is natural to require that our thermal equilibrium systems for
BEH and CEH should reproduce, respectively, the Schwarzschild thermodynamics
in the limit Λ→ 0 and the de Sitter thermodynamics in the limit M → 0. Then the
following working hypothesis is naturally required:
Working Hypothesis 2 (Integration constants in Euclidean action) For the
thermal equilibrium system for BEH, the integration constant in Euclidean action is
determined with referring to Schwarzschild canonical ensemble formulated by York.4)
For the thermal equilibrium system for CEH, the integration constant in Euclidean
action is determined with referring to de Sitter canonical ensemble formulated in
previous paper.6)
We introduce this working hypothesis as if this is a statement separated from
the assumption 3. However the determination of integration constant accompanies
necessarily the Euclidean action method. The working hypothesis 2 is regarded as a
part of the assumption 3.
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2.3.4. Effects of external gravitational fields
By the assumption 3 together with the working hypothesis 2, the concrete func-
tional form of free energies Fb and Fc can be determined as functions of three inde-
pendent working variables (M,Λ, rw). However, since the form of the state variables
Xb and Xc have not been specified yet, we can not rearrange Fb and Fc to functions
of independent state variables, (Tb, A,Xb) and (Tc, A,Xc).
As explained at Eqs.(2.16) and (2.17), the CEH (BEH) is regarded as the source
of external gravitational field which affects the thermodynamic state of BEH (CEH).
This means that the state variables Xb and Xc represent, respectively, the thermo-
dynamic effect of CEH’s gravity on BEH and that of BEH’s gravity on CEH. Then
it is reasonable to expect that Xb depends on the quantity characterizing the CEH’s
gravity, andXc depends on the quantity characterizing the BEH’s gravity. Moreover,
due to the step 3 in assumption 1, Xb and Xc should be measurable for the observer
at rw. Then, we can offer two candidates for the pair of dimensionless characteristic
quantities of BEH’s and CEH’s gravities;
• First candidate pair consists of κbrw and κcrw, where κbrw is for BEH’s gravity
and κcrw is for CEH’s gravity. This pair means that both of BEH’s and CEH’s
gravities are characterized by three quantities (M,Λ, rw), since κb and κc depend
on M and Λ.
• Second candidate pair consists of M/rw and Hrw, where M/rw is for BEH’s
gravity and Hrw is for CEH’s gravity. This pair means that the BEH’s gravity
is characterized by (M, rw), and the CEH’s gravity is characterized by (Λ, rw).
Here, purely logically, we can consider the “inverse” pair of second one, where Hrw
is for BEH’s gravity and M/rw is for CEH’s gravity. This means that the BEH’s
gravity is characterized by (Λ, rw), and the CEH’s gravity is characterized by (M, rw).
However this is physically unacceptable, since we do not expect that the BEH does
not depend on M and the CEH does not depend on Λ. Therefore, the reasonable
candidates for the pair of characteristic quantities of BEH’s and CEH’s gravities
are the two candidates listed above. Then, Xb should be a function of (κc , rw) or
(H , rw), and Xc should be a function of (κb , rw) or (M , rw).
On the other hand, as will be mathematically verified in Secs.4.3 and 5.3, the
state variables Xb and Xc are the extensive variables and proportional to r
2
w. The
proportionality to r2w is consistent with the scaling law of extensive variables denoted
in assumption 2. And, according to the previous paragraph, the factor of proportion-
ality should be a function of the characteristic quantity of BEH’s or CEH’s gravity.
Although the verification of the extensivity of Xb and Xc are shown later, we accept
it in the following assumption 4 for the simplicity of our discussion.
From the above, it is reasonable to adopt the following assumption:
Assumption 4 (Extensive variable of “external field”) The state variables Xb
and Xc in Eqs.(2.16) and (2.17) are the extensive variables. (This will be verified
in Secs.4.3 and 5.3). Then, there are two candidates for the functional forms of Xb
and Xc. One of them is based on the quantities (κbrw , κcrw):
Xb = r
2
w Ψb(κcrw) , Xc = r
2
w Ψc(κbrw) , (2.20)
where Ψb and Ψc are arbitrary functions of single argument, whose functional forms
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are not specified at present. Another candidate of Xb and Xc is based on the quan-
tities (M/rw , H rw):
Xb = r
2
w Ψb(H rw) , Xc = r
2
w Ψc(M/rw) . (2.21)
At least for the present author, no criterion to choose one of these candidates is
found, and the way for determining the functional forms of Ψb and Ψc are also un-
known. An obvious constraint on Ψb and Ψc is that they never be constant to make
Xb and Xc independent of the state variable of system size A := 4πr
2
w.
In Sec.6.1, we will make some comments on the issue which of Eqs.(2.20) and (2.21)
is valid. Those comments will suggest that Eq.(2.20) may be appropriate, but we
do not have mathematical verification to choose Eq.(2.20) as the general form of
Xb and Xc. Therefore, to retain the logical strictness of this paper, we list the two
possibilities (2.20) and (2.21) in the assumption 4.
From the above, we recognize that the minimal set of assumptions for “consis-
tent” thermodynamics of our two thermal equilibrium systems should be composed
of four assumptions. However, the determination of functions Ψb and Ψc remains
as a future task and we can not find concrete functional forms of them. Although
the state variables Xb and Xc are not specified in this paper, the existence of them
enables us to examine the validity of entropy-area law in SdS spacetime as shown in
Secs. 4 and 5.
§3. Euclidean actions
Referring to the assumption 3 and working hypothesis 2, we calculate Euclidean
actions for the two thermal equilibrium systems for BEH and CEH constructed in
the assumption 1.
3.1. Euclidean action for BEH
Euclidean space of thermal equilibrium system for BEH is obtained by the Wick
rotations t → −i τ in the static chart and ηb → −i ωb in the semi-global black
hole chart. These Wick rotations are equivalent, because the coordinate transforma-
tion (2.8), ηb = e
κb r
∗
sinh (κb t), implies that the imaginary time ωb in the semi-global
chart is defined by ωb := e
κb r
∗
sin (κb τ), where τ is the imaginary time in the static
chart. Euclidean metric in the static chart is
ds2E = f(r) dτ
2 +
dr2
f(r)
+ r2 dΩ2 . (3.1)
Euclidean metric in the semi-global black hole chart is
ds2E = Υb(r)
[
dω2b + dχ
2
b
]
+ r2 dΩ2 , (3.2)
where Υb is defined in Eq.(2.11). About the semi-global chart, we get from the
coordinate transformation (2.8),
ω2b + χ
2
b =
(
r
rb
− 1
) (
1− r
rc
)−κb/κc ( r
rb + rc
+ 1
)−1+κb/κc
. (3.3)
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Then, because the thermal equilibrium system for BEH is the region Db, rb < r < rw,
in Lorentzian SdS spacetime, we find the topology of Euclidean space of thermal
equilibrium system for BEH is D2 × S2. Because ω2b + χ2b = 0 at r = rb, the center
of D2-part is at the BEH r = rb, and the boundary of D
2-part is at the heat wall
r = rw. The topology of heat wall boundary is S
1 × S2, where S1 is along the
τ -direction.
Because the Lorentzian SdS spacetime is regular at rb, the Euclidean space is
also regular at rb. To examine the regularity of Euclidean space at rb, we make use
of the static chart (3.1). Let us define a coordinate xb and a function γ(xb) by
x2b := r − rb , γ(xb) :=
√
f(rb + x
2
b) . (3
.4)
We get γ′(xb) := dγ(xb)/dxb = [xb/γ(xb)] df(r)/dr, from which we find
lim
xb→0
γ′(xb) =
dC
dr
∣∣∣∣
rb
lim
xb→0
xb
γ(xb)
= 2κb
1
lim
xb→0
γ′(xb)
. (3.5)
This means γ′(0) =
√
2κb, and near the BEH, f ≃ [γ(0) + γ′(0)x]2 = 2κx2b . There-
fore the Euclidean metric near BEH is
ds2E ≃
2
κb
[
x2b d(κb τ)
2 + dx2b
]
+ r2 dΩ2 . (3.6)
It is obvious that the Euclidean space is regular at BEH if the imaginary time has
the period βb defined by
0 ≤ τ < βb := 2π
κb
. (3.7)
Throughout our discussion, τ has the period βb in the Euclidean space of thermal
equilibrium system for BEH.
Now let us proceed to the calculation of the Euclidean action IEb of thermal
equilibrium system for BEH. Following the working hypothesis 2, we use the same
integration constant I0 as Schwarzschild canonical ensemble,
11), 4) which gives us
I0 := −I(flat)L = −
1
8π
∫
∂M
dx3
√
hK(flat) , (3.8)
where I
(flat)
L is the Lorentzian Einstein-Hilbert action for flat spacetime which reduces
to only the surface term (the second term in Eq.(2.19) ) due to R = 0 and Λ = 0
for flat spacetime, and K(flat) is the trace of second fundamental form of ∂M in flat
spacetime.11), 4) Here note that, the integral element
√
h in I
(flat)
L should be given
by that of SdS spacetime when I
(flat)
L is used as the integration constant of action
integral of SdS spacetime, because the background spacetime on which the integral
in I
(flat)
L is calculated is SdS spacetime.
For our thermal equilibrium system for BEH in SdS spacetime, the regionM in
IL is Db, rb < r < rw, and its boundary ∂Db is at rw. There is another boundary at
rb in the Lorentzian region Db. However we do not need to consider it, because the
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points at rb in the Euclidean space do not form a boundary but are the regular points
when τ has the period (3.7). Then the first fundamental form hij (i, j = 0, 2, 3) of
∂Db in the static chart is
ds2
∣∣
r=rw
= hij dx
i dxj = −fw dt2 + r2w dΩ2 , (3.9)
where
fw := f(rw) = 1− 2M
rw
−H2 r2w . (3.10)
Here, since Db is the region enclosed by BEH and heat wall, the direction of unit
normal vector nµ to ∂Db is pointing towards CEH, n
µ ∝ ∂r. Then the second
fundamental form of ∂Db in the static chart is
Kij =
√
fw diag.
[
−M
r2w
+H2 rw , rw , rw sin
2 θ
]
, (3.11)
where diag. means the diagonal matrix form.
On the other hand, the second fundamental form K
(flat)
ij of a spherically sym-
metric timelike hypersurface of radius rw in flat spacetime is given by setting M = 0
and H = 0 in Eq.(3.11),
K
(flat)
ij = diag.
[
0 , rw , rw sin
2 θ
]
. (3.12)
This gives K(flat) := hij K
(flat)
ij = 2 r
−1
w .
From the above, applying the Wick rotation t→ −iτ to the Lorentzian action IL
in Eq.(2.19), we obtain the Euclidean action IEb of the thermal equilibrium system
for BEH via Eq.(A.2),
IEb =
3H2
8π
∫
DEb
dx4E
√
gE +
1
8π
∫
∂DEb
dx3E
√
hE
(
KE −K(flat)E
)
=
βb
2
[
3M − rb + 2 rw
(
fw −
√
fw
) ]
,
(3.13)
where the relation for SdS spacetime R = 4Λ = 12H2 is used in the first equality,
the relation M −H2r3b = 3M − rb due to f(rb) = 0 is used in the second equality,
QE is the quantity Q evaluated on Euclidean space, and DEb is the Euclidean region
denoted by 0 ≤ τ < βb , rb ≤ r ≤ rw , 0 ≤ θ ≤ π and 0 ≤ ϕ < 2π. This
IEb corresponds to IE[gE cl] in Eq.(A.5) of Appendix A, which yields the partition
function of our thermal equilibrium system for BEH.
Note that IEb should reproduce the Euclidean action of Schwarzschild canonical
ensemble as required in the working hypothesis 2. To check if this is satisfied, take
the limit Λ→ 0,
lim
Λ→0
IEb = 4πM
[
M − 2 rw
(
fw −
√
fw
) ]
Λ=0
. (3.14)
This coincides with the Euclidean action of Schwarzschild canonical ensemble for-
mulated by York.4)
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3.2. Euclidean action for CEH
Euclidean space of thermal equilibrium system for CEH is obtained by the Wick
rotations t→ −i τ in the static chart and ηc → −i ωc in the semi-global cosmological
chart. These Wick rotations are equivalent, because the coordinate transforma-
tion (2.12), ηc = e
−κc r∗ sinh (κc t), implies that the imaginary time ωc in the semi-
global chart is defined by ωc := e
−κc r∗ sin (κc τ), where τ is the imaginary time in
the static chart. Euclidean metric in the static chart is given by Eq.(3.1). Euclidean
metric in the semi-global cosmological chart is ds2E = Υc(r)
[
dω2c + dχ
2
c
]
+ r2 dΩ2,
where Υc is defined in Eq.(2.14). About the semi-global chart, we get from the
coordinate transformation (2.12),
ω2c + χ
2
c =
(
r
rb
− 1
)−κc/κb (
1− r
rc
)(
r
rb + rc
+ 1
)−1+κc/κb
. (3.15)
Then, because the thermal equilibrium system for CEH is the region Dc, rw < r < rc,
in Lorentzian SdS spacetime, we find the topology of Euclidean space of thermal
equilibrium system for CEH is D2 × S2. Because ω2c + χ2c = 0 at r = rc, the center
of D2-part is at the CEH r = rc, and the boundary of D
2-part is at the heat wall
r = rw. The topology of heat wall boundary is S
1 × S2, where S1 is along the
τ -direction.
Because the Lorentzian SdS spacetime is regular at rc, the Euclidean space is
also regular at rc. Using the static chart (3.1) and defining a coordinate xc and a
function γ(xc) by x
2
c := rc − r and γ(xc) :=
√
f(rc − x2c), we obtain the Euclidean
metric near CEH,
ds2E ≃
2
κc
[
x2c d(κc τ)
2 + dx2c
]
+ r2 dΩ2 . (3.16)
It is obvious that the Euclidean space is regular at CEH if the imaginary time has
the period βc defined by
0 ≤ τ < βc := 2π
κc
. (3.17)
Throughout our discussion, τ has the period βc in the Euclidean space of thermal
equilibrium system for CEH.
Now we proceed to the calculation of Euclidean action IEc of the thermal equi-
librium system for CEH. Lorentzian action is defined in Eq.(2.19) for the spacetime
region Dc, rw < r < rc. The calculation of Euclidean action IEc is parallel to that
of IEb except for the direction of unit normal vector n
µ to ∂Dc and the integration
constant I0 in IL. Concerning the vector n
µ, since Dc is the region enclosed by CEH
and heat wall, the direction of nµ is pointing towards BEH, nµ ∝ −∂r.
Concerning the integration constant, following the working hypothesis 2, we de-
termine the integration constant I0 for CEH with referring to the de Sitter canonical
ensemble formulated in previous paper.6) At the limit M → 0, the term I0 should
reduce to the integration constant I
(dS)
0 of the de Sitter canonical ensemble,
I0(M = 0) = I
(dS)
0 :=
(
1
H rw
− 1
) √
fw(M = 0) I
(flat)
L , (3
.18)
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where I
(flat)
L is the action of flat spacetime used in Eq.(3
.8). Note that the CEH
radius in de Sitter spacetime is H−1, and the factor H rw is the ratio of heat wall
radius rw to CEH radius. Hence we set I0 for the CEH in SdS spacetime,
I0 :=
(
rc
rw
− 1
) √
fw I
(flat)
L , (3
.19)
where it should be emphasized that the signature of K(flat) in the integrand of I
(flat)
L
(shown in Eq.(3.8)) should be reversed, because the direction of normal vector nµ is
reversed as mentioned in previous paragraph.
Then we obtain the Euclidean action IEc of our thermal equilibrium system for
CEH via Eqs.(2.19) and (A.2),
IEc = −βc
2
[ 3M − rc + 2 rc fw ] , (3.20)
where the relationM−H2r3c = 3M−rc due to f(rc) = 0 is used, and the overall minus
signature comes from the direction of normal vector nµ to ∂Dc. This IEc corresponds
to IE [gE cl] in Eq.(A.5), which yields the partition function of our thermal equilibrium
system for CEH.
Note that IEc should reproduce the Euclidean action of de Sitter canonical en-
semble as required in the working hypothesis 2. To check if this is satisfied, take the
limit M → 0,
lim
M→0
IEc = − π
H2
[
1− 2 (Hrw)2
]
. (3.21)
This coincides with the Euclidean action of de Sitter canonical ensemble formulated
in previous paper.6)
§4. Black hole event horizon
We examine whether the entropy-area law holds for “consistent” thermodynam-
ics of our thermal equilibrium system for BEH.
4.1. Temperature and free energy of BEH
By the assumption 3, the temperature Tb of BEH is defined by Eq.(A.4) of
Appendix A, which relates Tb to the proper length in the imaginary time direction
at the boundary ∂Db (the direction along S
1 part of boundary topology S1 × S2 in
Euclidean space),
Tb :=
[ ∫ βb
0
√
fw dτ
]−1
=
κb
2π
√
fw
, (4.1)
where βb is the imaginary time period (3.7) and fw is in Eq.(3.10). Under the length
size scaling (2.18), this temperature is scaled as Tb → λ−1 Tb. Therefore, by the
assumption 2, Tb is an intensive state variable of BEH.
Note that this Tb coincides with the Hawking temperature of BEH derived orig-
inally by Gibbons and Hawking,10) and the factor
√
fw is the so-called Tolman
factor20) which expresses the gravitational redshift affecting the Hawking radiation
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propagating from BEH to observer at rw. Therefore this Tb is the temperature
measured by the observer at heat wall.
By the assumption 2, the extensive state variable of system size for our thermal
equilibrium system is the surface area of heat wall,
A := 4π r2w . (4.2)
By the assumption 3, the free energy Fb of BEH in Eq.(2.16) is defined by
Eq.(A.5),
Fb(Tb, A,Xb) := −Tb IEb = rw − rw
√
fw − 3M − rb
2
√
fw
. (4.3)
Under the length size scaling (2.18), this free energy satisfies the scaling law of
thermodynamic functions, Fb → λFb. As discussed at Eq.(2.16), Fb is regarded as
a function of three independent state variables Tb, A and the state variable Xb of
CEH’s gravitational effect on BEH. However, since Xb is not specified as mentioned
in the assumption 4, the form of Fb as a function of (Tb , A , Xb) remains unknown.
Instead, Eq.(4.3) shows Fb as a function of independent parameters (M , H , rw).
Let us verify that the free energy Fb is a function of three independent state
variables. We use the reductive absurdity: Assume that only two (not three)
state variables are independent. This assumption means that, as for the ordinary
non-magnetized gases, Fb is a function of Tb and A, Fb(Tb, A). Here it is obvi-
ous from Eq.(4.1) that Tb depends on three parameters (M,H, rw), while A de-
pends only on rw. Then, via Eq.(C.5) of Appendix C, a mathematical relation
(∂MFb)/(∂MTb) = (∂HFb)/(∂HTb) must hold if Fb is a function of (Tb, A). However
we find this relation does not hold, (∂MFb)/(∂MTb) 6= (∂HFb)/(∂HTb), via Eq.(4.5)
shown below. Hence the assumption of two independent state variables is denied by
the reductive absurdity. Now the working hypothesis 1, which assumes Fb to be a
function of three independent state variables, is verified.
To support the discussion in previous paragraph and for later use, we show some
differentials:
∂Tb
∂M
=
1
2πr2bf
3/2
w
[
rb
2rw
(
1− 3H2r2b
)− 1 + 3H2r2b
1− 3H2r2b
fw
]
, (4.4a)
∂Tb
∂H
=
1
4πHrbf
3/2
w
[(
1− 2M
rw
)(
1− 3H2r2b
)− 1 + 3H2r2b
1− 3H2r2b
2Mfw
rb
]
, (4.4b)
and
∂Fb
∂M
=
1
2f
3/2
w
[
−3M − rb
rw
+
1 + 3H2r2b
1− 3H2r2b
fw
]
, (4.4c)
∂Fb
∂H
=
1
2f
3/2
w
[(
2rw + rb − 7M − 2H2r3w
)
Hr2w +
2Hr3bfw
1− 3H2r2b
]
, (4.4d)
where the differentials in Eqs.(2.7a) and (2.7c) are used. Then we get
∂Fb
∂M
= −π r2b
∂Tb
∂M
, (4.5a)
To what extent is the entropy-area law universal ? 21
∂Fb
∂H
6∝ π r2b
∂Tb
∂H
, (4.5b)
where the definition of rb, f(rb) = 0, is used in the first relation. These relations are
used in examining the entropy-area law in next subsection.
4.2. Entropy of BEH
By the assumption 3, the entropy Sb of BEH is defined as the thermodynamic
conjugate variable to Tb,
Sb := −∂Fb(Tb, A,Xb)
∂Tb
. (4.6)
Under the length size scaling (2.18), this entropy satisfies the extensive scaling law,
Sb → λ2 Sb. By Eq.(C.3) of Appendix C, Sb is rearranged to
Sb = −(∂MFb) (∂HXb)− (∂HFb) (∂MXb)
(∂MTb) (∂HXb)− (∂HTb) (∂MXb) . (4
.7)
Then we get by Eq.(4.5a),
Sb =
π r2b (∂MTb) (∂HXb) + (∂HFb) (∂MXb)
(∂MTb) (∂HXb)− (∂HTb) (∂MXb) . (4
.8)
This denotes the following: If ∂MXb ≡ 0, then the entropy-area law Sb ≡ π r2b holds.
However, if ∂MXb 6≡ 0, then Eq.(4.5b) together with Eq.(4.8) imply that the entropy-
area law breaks down Sb 6≡ π r2b . Therefore we find that the entropy-area law holds
if and only if ∂MXb ≡ 0.
In summary, although the validity of entropy-area law for BEH can not be judged
at present, we can clarify the issue on the entropy-area law for BEH: The necessary
and sufficient condition to ensure the entropy-area law for BEH is that the BEH is
in thermal equilibrium and the state variable Xb satisfies ∂MXb ≡ 0. If the CEH’s
gravitational effect on BEH, Xb, is characterized by the CEH’s quantity κcrw as
shown in Eq.(2.20), then ∂MXb 6≡ 0 and the entropy-area law breaks down for BEH.
If the CEH’s gravitational effect Xb is characterized by Hrw as shown in Eq.(2.21),
then ∂MXb ≡ 0 and the entropy-area law holds. The validity of entropy-area law for
BEH will be judged by revealing which of κc or H is appropriate as the characteristic
quantity of CEH’s gravity.
4.3. Thermodynamic consistency of BEH
The remaining part of Sec.4 is for the “thermodynamic consistency” of our
thermodynamics of BEH under the minimal set of assumptions. Since the concrete
form of Xb is not specified, the following discussions and calculations are very formal.
However we can imply that the thermodynamic consistency is satisfied. Moreover,
it is also verified that Xb is an extensive variable and proportional to r
2
w.
Following the assumption 3, the internal energy Eb of BEH can be defined by
the argument of statistical mechanics,
Eb := − ∂ lnZcl
∂(1/Tb)
∣∣∣∣
A,Xb=const.
=
∂(Fb/Tb)
∂(1/Tb)
= Fb + Tb Sb , (4.9)
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where Eq.(A.5) of Appendix A is used in the second equality, and the definition of Sb
in Eq.(4.6) is used in the third equality. Under the length size scaling (2.18), this Eb
satisfies the scaling law of thermodynamic functions, Eb → λEb. The third equality
in Eq.(4.9), Eb = Fb+ Tb Sb, is regarded as the Legendre transformation between Fb
and Eb, which determines Eb to be a function of (Sb, A,Xb). On the other hand, in
thermodynamic argument, the internal energy is the thermodynamic function which
is regarded as a function of only extensive state variables. Hence, it is verified that
Xb must be an extensive state variable. (The proportionality of Xb to r
2
w will also
be shown mathematically at the end of this subsection.)
Next, in order to see the first law, we need the intensive state variables which
are thermodynamically conjugate to A and Xb. By the assumption 3, the conjugate
state variable is defined by the appropriate differential of a thermodynamic function.
In an analogy with the ordinary pressure of ordinary gases, the surface pressure (at
the heat wall) σb is defined formally as
σb:= −∂Fb(Tb, A,Xb)
∂A
(4.10a)
= − 1
8πrw
1
(∂MTb) (∂HXb)− (∂MXb) (∂HTb)
×
[
{ (∂HFb) (∂rwTb)− (∂rwFb) (∂HTb) } (∂MXb)
+ { (∂rwFb) (∂MTb)− (∂MFb) (∂rwTb) } (∂HXb)
+ { (∂MFb) (∂HTb)− (∂HFb) (∂MTb) } (∂rwXb)
]
,
(4.10b)
where Eq.(C.2) of Appendix C is used in the second equality. Under the length
size scaling (2.18), this σb satisfies the intensive scaling law, σb → λ−1σb. The
state variable given by the same definition with σb appears also in single-horizon
thermodynamics4), 5), 6) to ensure the thermodynamic consistency. (See Appendix B
in previous paper6) for thermodynamic meanings of A and σb.)
The intensive state variable Yb conjugate to Xb is defined formally as
Yb :=
∂Fb(Tb, A,Xb)
∂Xb
=
(∂MFb) (∂HTb)− (∂HFb) (∂MTb)
(∂MXb) (∂HTb)− (∂HXb) (∂MTb) , (4
.11)
where Eq.(C.3) of Appendix C is used in the second equality. Under the length size
scaling (2.18), when Xb is scaled as an extensive variable Xb → λ2Xb, then this Yb
satisfies the intensive scaling law, Yb → λ−1 Yb.
Then by definitions of Sb, σb and Yb, we get
dFb(Tb, A,Xb) = −Sb dTb − σb dA+ Yb dXb . (4.12)
The first law follows this relation via the Legendre transformation in Eq.(4.9),
dEb(Sb, A,Xb) = Tb dSb − σb dA+ Yb dXb . (4.13)
Concerning the internal energy, the Euler relation is interesting from the point of
view of thermodynamics, because it gives a restriction on the form of state variables.
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By the scaling laws of extensive variable and thermodynamic function, we get
λEb(Sb , A , Xb) = Eb(λ
2Sb , λ
2A , λ2Xb) . (4.14a)
This denotes that Eb(Sb, A,Xb) is the homogeneous expression of degree 1/2. Oper-
ating the differential ∂λ on Eq.(4.14a), we get
1
2
Eb(Sb , A , Xb) = Tb Sb − σbA+ YbXb . (4.14b)
This relation (4.14b) is obtained from the scaling behavior (4.14a). Furthermore by
the well-known Euler’s theorem on the homogeneous expression, the scaling behav-
ior (4.14a) is also obtained from the relation (4.14b) (which is proven by the van-
ishing differential ∂λ[λ
−1Eb(λ
2Sb, λ
2A,λ2Xb) ] = 0). Hence Eqs.(4.14a) and (4.14b)
are equivalent. As shown below, we find the Euler relation (4.14b) is consistent with
the assumption 4:
By the Legendre transformation in Eq.(4.9) and the Euler relation (4.14b), we
get a relation, Fb = Tb Sb − 2σbA + 2YbXb. Then substituting Eqs.(4.7), (4.10b)
and (4.11) into this relation, we obtain
k1
∂Xb
∂M
+ k2
∂Xb
∂H
+ rw k3
∂Xb
∂ rw
= 2 k3Xb , (4.15)
where
k1 := −Fb (∂HTb)− Tb (∂HFb) (4.16a)
−rw [ (∂HFb) (∂rwTb)− (∂rwFb) (∂HTb) ]
k2 := Fb (∂MTb) + Tb (∂MFb) (4.16b)
−rw [ (∂rwFb) (∂MTb)− (∂MFb) (∂rwTb) ]
k3 := − (∂MFb) (∂HTb) + (∂HFb) (∂MTb) . (4.16c)
The concrete forms of ki (i = 1, 2, 3) are obtained from the differentials of Tb and
Fb shown in Sec.4.1, and result in relations,
k1 =M k3 , k2 = −H k3 . (4.17)
Then Eq.(4.15) reduces to
M
∂Xb
∂M
−H ∂Xb
∂H
+ rw
∂Xb
∂ rw
= 2Xb . (4.18)
This partial differential equation (PDE) is equivalent to the relation (4.14b) which is
also equivalent to the relation (4.14a). Therefore, if a solution Xb of our PDE (4.18)
exists, then the Xb satisfies the extensive scaling behavior Xb → λ2Xb under the
length size scaling (2.18). Indeed, the general solution of PDE (4.18) is expressed as
Xb(M,H, rw) = r
2
w ψ˜b(M/rw,Hrw) , (4.19)
where ψ˜b(x, y) is an arbitrary function of two arguments. Obviously this Xb is
proportional to r2w, and satisfies the extensive scaling law under the length size
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scaling (2.18). It is also obvious that the arbitrary functions Ψb(κcrw) in Eq.(2.20)
and Ψb(Hrw) in Eq(2.21) are consistent with ψ˜b(M/rw,Hrw) in Eq.(4.19), since κc in
Eq.(2.5) is expressed as a function of M/rw and Hrw. Hence we find that the Euler
relation (4.14b) is consistent with the assumption 4, which implies that the internal
energy Eb and also the free energy Fb are defined well in our thermodynamics of BEH.
The well-defined free energy guarantees the thermodynamic consistency. Now it has
been checked that the minimal set of assumptions introduced in Sec.2 constructs the
“consistent” thermodynamics for BEH.
§5. Cosmological event horizon
We examine whether the entropy-area law holds for “consistent” thermodynam-
ics of our thermal equilibrium system for CEH. Discussion in this section goes parallel
to Sec.4. However the integration constant in Euclidean action, which is determined
with referring to de Sitter canonical ensemble, enables us to find a reasonable evi-
dence of the breakdown of entropy-area law for CEH.
5.1. Temperature and free energy of CEH
By the assumption 3, the temperature Tc of CEH is defined by Eq.(A.4) of
Appendix A, which relates Tc to the proper length in the imaginary time direction
at the boundary ∂Dc,
Tc :=
[ ∫ βc
0
√
fw dτ
]−1
=
κc
2π
√
fw
, (5.1)
where βc is the imaginary time period (3.17) and fw is in Eq.(3.10). This Tc coincides
with the Hawking temperature obtained by Gibbons and Hawking,10) and the factor√
fw is the Tolman factor
20) which expresses the gravitational redshift affecting the
Hawking radiation propagating from CEH to observer at rw. Under the length size
scaling (2.18), this temperature satisfies the extensive scaling law, Tc → λ−1 Tc.
As defined in assumption 2, the extensive state variable of system size for our
thermal equilibrium system is the surface area of heat wall,
A := 4π r2w . (5.2)
By the assumption 3, the free energy Fc of CEH in Eq.(2.17) is defined by
Eq.(A.5),
Fc(Tc, A,Xc) := −Tc IEc = rc
√
fw +
3M − rc
2
√
fw
. (5.3)
Under the length size scaling (2.18), this free energy satisfies the scaling law of
thermodynamic functions, Fc → λFc. Furthermore, by the same discussion given in
Sec.4.1, it is also mathematically verified that the free energy Fc must be a function
of three independent variables, which verifies the working hypothesis 1.
Let us show some differentials for later use:
∂Tc
∂M
=
1
2πr2cf
3/2
w
[
rc
2rw
(
3H2r2c − 1
) − 3H2r2c + 1
3H2r2c − 1
fw
]
, (5.4a)
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∂Tc
∂H
=
1
4πHrcf
3/2
w
[(
1− 2M
rw
)(
3H2r2c − 1
)− 3H2r2c + 1
3H2r2c − 1
2Mfw
rc
]
, (5.4b)
and
∂Fc
∂M
=
∂
[
(rc − rw)
√
fw
]
∂M
+
1
2f
3/2
w
[
−rc − 3M
rw
+
3H2r2c + 1
3H2r2c − 1
fw
]
, (5.4c)
∂Fc
∂H
=
∂
[
(rc − rw)
√
fw
]
∂H
+
1
2f
3/2
w
[
− (2rw + rc − 7M − 2H2r3w)H2r2w + 2Hr3cfw3H2r2c − 1
]
,
(5.4d)
where the differentials in Eqs.(2.7b) and (2.7d) are used. Then we get
∂Fc
∂M
=
∂
[
(rc − rw)
√
fw
]
∂M
− π r2c
∂Tc
∂M
, (5.5a)
∂Fc
∂H
6∝ π r2c
∂Tc
∂H
, (5.5b)
where the definition of rc, f(rc) = 0, is used in the first relation. These relations
are important to get a reasonable evidence of the breakdown of entropy-area law for
CEH in next subsection.
Here one might naively expect that Eqs.(5.4c) and (5.4d) would be obtained by
replacing rb with rc in Eqs.(4.4c) and (4.4d), and also a relation ∂MFc = −πr2c ∂MTc
would be expected. However the first terms in the right-hand sides in Eqs.(5.4c),
(5.4d) and (5.5a) appear, because of the difference of integration constant in Eu-
clidean action as seen in Eqs.(3.8) and (3.19). The integration constant of IEc can
not be obtained by replacing rb with rc in that of IEb.
5.2. Entropy of CEH
By the assumption 3, the entropy Sc of CEH is defined as the thermodynamic
conjugate variable to Tc,
Sc := −∂Fc(Tc, A,Xc)
∂Tc
= −(∂MFc) (∂HXc)− (∂HFc) (∂MXc)
(∂MTc) (∂HXc)− (∂HTc) (∂MXc) , (5
.6)
where Eq.(C.3) of Appendix C is used in the second equality. Under the length size
scaling (2.18), this entropy satisfies the extensive scaling law, Sc → λ2 Sc. From this
definition and the assumption 4 together with Eqs.(5.5), we obtain an evidence of
the breakdown of entropy-area law for CEH by the reductive absurdity as follows:
Assume that the entropy-area law holds for CEH, Sc = π r
2
c . Then Eq.(5.6) and
Sc = π r
2
c reduce to a PDE of Xc,
JM
∂Xc
∂M
+ JH
∂Xc
∂H
= 0 , (5.7a)
where Eq.(5.5a) is used, and
JM :=
∂Fc
∂H
+ π r2c
∂Tc
∂H
, JH := −
∂
[
(rc − rw)
√
fw
]
∂M
. (5.7b)
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We find JM 6≡ 0 due to Eq.(5.5b), and JH 6≡ 0 due to ∂Mrc 6≡ 0 and ∂Mfw = −2/rw.
For the case ofXc = r
2
wΨc(κbrw) given in Eq.(2.20) of assumption 4, the PDE (5.7a)
results in a contradiction as follows: Note that, because the surface gravities κb and
κc are independent as functions of two variables (M,H) due to non-zero Wron-
skian (∂Mκb) (∂Hκc) − (∂Hκb) (∂Mκc) 6≡ 0, the three quantities (κb, κc, rw) can be
regarded as independent variables instead of (M,H, rw). Here, the transformation
of independent variables between two pairs (M,H, rw) and (κb, κc, rw) is interpreted
as the coordinate transformation in the state space of thermal equilibrium states of
CEH. Then we find ∂κcXc ≡ 0 for Xc = r2wΨc(κbrw), and the PDE (5.7a) reduces to(
JM
∂κb
∂M
+ JH
∂κb
∂H
)
∂Xc
∂κb
= 0 , (5.8)
which gives ∂κbXc ≡ 0 due to JM ∂Mκb + JH ∂Hκb 6≡ 0. On the other hand, the
form of Xc = r
2
wΨc(κbrw) means ∂κbXc 6≡ 0, since Ψc is not constant as explained in
assumption 4. Hence we find the PDE (5.7a), which is equivalent to the entropy-area
law, contradicts Eq.(2.20) of assumption 4.
Next, for the case of Xc = r
2
wΨc(M/rw) given in Eq.(2.21), the PDE (5.7a)
results in a contradiction as follows: With regarding the three quantities (M,H, rw)
as independent variables, Eq.(2.21) means ∂HXc ≡ 0 and the PDE (5.7a) gives
∂MXc ≡ 0 due to JM 6≡ 0. On the other hand, the form of Xc = r2wΨc(M/rw)
means ∂MXc 6≡ 0, since Ψc is not constant. Hence we find the PDE (5.7a), which is
equivalent to the entropy-area law, contradicts Eq.(2.21) of assumption 4.
The above discussions imply the breakdown of entropy-area law by the reductive
absurdity under the minimal set of assumptions introduced in Sec.2. Now it is con-
cluded that we find a “reasonable” evidence of the breakdown of entropy-area law
for CEH in SdS spacetime, where the “reasonableness” means that our discussion
retains the “thermodynamic consistency” as shown in next subsection.
5.3. Thermodynamic consistency of CEH
The remaining part of Sec.5 is for the “thermodynamic consistency” of our
thermodynamics of CEH under the minimal set of assumptions. It is also verified
that Xc is an extensive variable and proportional to r
2
w. The discussion given to
BEH in Sec.4.3 is applied to CEH.
By the assumption 3, the internal energy Ec(Sc, A,Xc) of CEH, the surface
pressure σc at heat wall and the intensive variable Yc conjugate to Xc are defined by
Ec := − ∂ lnZcl
∂(1/Tc)
∣∣∣∣
A,Xc=const.
=
∂(Fc/Tc)
∂(1/Tc)
= Fc + Tc Sc , (5.9)
σc := −∂Fb(Tc, A,Xc)
∂A
= Eq.(4.10b) with replacing (Fb,Xb) with (Fc,Xc) (5.10)
Yc :=
∂Fc(Tc, A,Xc)
∂Xc
= Eq.(4.11) with replacing (Fb,Xb) with (Fc,Xc) , (5.11)
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where the relation in Eq.(5.9), Ec(Sc, A, Yc) = Fb(Tc, A, Yc) + Tc Sc, is regarded as
the Legendre transformation, and Eqs.(C.2) and (C.3) of Appendix C are used in
the second equalities in σc and Yc. Under the length size scaling (2.18), Ec satisfies
the scaling law of thermodynamic functions Ec → λEc, and σc and Yc satisfy the
intensive scaling law σc → λ−1 σc and Yc → λ−1 Yc. We find that, since the internal
energy is a function of only extensive state variables, the state variable Xc of BEH’s
gravitational effect on CEH should be an extensive variable. (The proportionality of
Xc to r
2
w will also be shown mathematically at the end of this subsection.)
Then by these definitions of Ec, σc and Yc together with the definition of Sc, we
get the first law for CEH,
dEc(Sc, A, Yc) = Tc dSc − σc dA+ Yc dXc . (5.12)
Furthermore, the scaling behavior required in assumption 2 results in the same Euler
relations as in Eqs.(4.14a) and (4.14b),
λEc(Sc , A , Xc) = Ec(λ
2Sc , λ
2A , λ2Xc) , (5.13a)
1
2
Eb(Tc , A , Xc) = Tc Sc − σcA+ YcXc . (5.13b)
These two relations are mathematically equivalent by the Euler’s theorem on the
homogeneous expression.
By the Legendre transformation in Eq.(5.9) and the Euler relation (5.13b), we
get a relation, Fc = Tc Sc − 2σcA + 2YcXc. Then substituting Sc, σc and Yc into
this relation, we obtain a PDE of Xc,
l1
∂Xc
∂M
+ l2
∂Xc
∂H
+ rw l3
∂Xc
∂ rw
= 2 l3Xc , (5.14)
where li (i = 1, 2, 3) are defined formally by the same definitions of ki in Eqs.(4.16a),
(4.16b) and (4.16c) by replacing (Fb , Tb) with (Fc , Tc). Using the differentials of
Tc and Fc shown in Sec.5.1, we find l1 = M l3 and l2 = −H l3 which is the same
with Eq.(4.17). Then our PDE (5.14) reduces to the same PDE in Eq.(4.18), and
its general solution is
Xc(M,H, rw) = r
2
w ψ˜c(M/rw,Hrw) , (5.15)
where ψ˜c(x, y) is an arbitrary function of two arguments. Obviously this Xc is
proportional to r2w, and satisfies the extensive scaling law under the length size
scaling (2.18). It is also obvious that the arbitrary functions Ψc(κbrw) in Eq.(2.20)
and Ψc(M/rw) in Eq(2.21) are consistent with ψ˜c(M/rw,Hrw) in Eq.(5.15), since κb
in Eq.(2.5) is expressed as a function ofM/rw andHrw. Hence we find that the Euler
relation (5.13b) is consistent with the assumption 4, which implies that the internal
energy Ec and also the free energy Fc are defined well in our thermodynamics of CEH.
The well-defined free energy guarantees the thermodynamic consistency. Now it has
been checked that the minimal set of assumptions introduced in Sec.2 constructs the
“consistent” thermodynamics for CEH.
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§6. Summary and discussions
6.1. Summary and comments on BEH’s entropy
To research whether the thermal equilibrium is the necessary and sufficient con-
dition to ensure the entropy-area law, we have carefully constructed two thermal
equilibrium systems individually for BEH and CEH in SdS spacetime, and the “con-
sistent thermodynamics” have been obtained for BEH and CEH under the minimal
set of assumptions. The need of those assumptions was discussed in Sec.2.1. In
the construction of the two thermal equilibrium systems, the role of cosmological
constant in the consistent thermodynamics has also been pointed out in the working
hypothesis 1. In our analysis, Euclidean action method was used with referring to
Schwarzschild and de Sitter canonical ensembles to determine the integration con-
stants (subtraction terms). As a result, we have found a reasonable evidence for the
breakdown of entropy-area law for CEH as shown in Sec.5.2, while the validity of the
law for BEH could not be judged but the key issue on BEH’s entropy has been clar-
ified in Sec.4.2. If the breakdown of the law for BEH is verified, then it means that,
as summarized in fourth paragraph in Sec.1, the thermal equilibrium of each horizon
in multi-horizon spacetime is simply a necessary condition of the entropy-area law,
and the necessary and sufficient condition of the law is the thermal equilibrium of
the total system composed of several horizons in which the net energy flow among
horizons disappears.
The analysis in this paper is exact for parameter range, 0 <
√
27MH < 1 and
rb < rw < rc, where the first inequality ensures that the BEH and CEH is non-
degenerate, rb < rc. It is obvious that our discussion is true of the near Nariai case
(near extremal case of SdS spacetime), rb ≃ rc (⇔
√
27MH ≃ 1) ∗). However note
that the temperatures of horizons are equal at the exact Nariai case, Tb = Tc at
rb = rc. Then, Appendix D analyzes how the near Nariai case affects the entropy-
area law.
Turn our attention to the entropy of BEH in general case (not at Nariai limit).
Some comments which suggest the breakdown of entropy-area law for BEH may be
possible. Let us try to give three comments: For the first, recall the meaning of state
variable Xb, which expresses the thermodynamic effect on BEH due to the external
gravitational field produced by CEH. Furthermore it is worth pointing out that the
CEH temperature Tc depends on κc which has dependence on (M , H), not on H
solely. Then, in the assumption 4, it may be natural that the quantity κcrw, not
Hrw, is the characteristic variable of CEH’s gravity and the extensive variable Xb
is expressed by Xb = r
2
wΨb(κcrw) as required in Eq.(2.20). If this is true, then the
breakdown of entropy-area law for BEH is concluded as explained in Sec.4.2.
Next, recall that, in Sec.2.3.1, our thermal equilibrium systems for BEH and
CEH are compared qualitatively with the magnetized gas. By the differential of
free energy Fgas(Tgas, Vgas, ~Hgad), the entropy Sgas and pressure Pgas of the gas are
∗) The metric of extremal SdS spacetime was found by Nariai,24) independently of the non-
extreme SdS metric by Kottler.25)
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defined by (see for example §52, 59 and 60 in Landau and Lifshitz18)),
Sgas := −∂Fgas(Tgas, Vgas,
~Hex)
∂Tgas
, Pgas := −∂Fgas(Tgas, Vgas,
~Hex)
∂Vgas
. (6.1)
This implies that all state variables of the gas depend on the external field ~Hex.
Therefore, the entropy of the gas under the influence of external magnetic field
deviates from the entropy without external magnetic field. Hence, for our thermal
equilibrium system for BEH, it may be naturally expected that BEH’s entropy under
the influence of external gravitational field of CEH does not satisfy the entropy-area
law which holds for BEH in single-horizon spacetimes.
For the third comment, we note that, while the CEH temperature Tc is obtained
from BEH temperature Tb by the simple replacement of (rb , κb) with (rc , κc), the
CEH free energy Fc can not be obtained from BEH free energy Fb by such a simple
replacement. This “asymmetry” of Fb and Fc is due to the asymmetry of integration
constant of BEH’s Euclidean action (3.8) and that of CEH’s one (3.19). Then it
is naively expected that the coefficients li of PDE (5.14) do not satisfy the same
relation (4.17) as ki. However we find at Eq.(5.14) that the relation (4.17) holds
for both coefficients ki and li, and the same expression of general solutions of Xb
and Xc are obtained as shown in Eqs.(4.19) and (5.15). This may imply that the
same consistent structure of thermodynamics holds for BEH and CEH even though
the forms of free energies are asymmetric. If this implication is true, then, since the
entropy-area law breaks down for CEH, the law for BEH may also break down.
The above three comments have no rigorous verification. Those verifications are
left as future tasks, but the key issue is already clarified in Sec.4.2.
6.2. Discussions
Let us try to make two discussions. One of them is on the quantum statistics
of underlying quantum gravity, and the other is on SdS black hole evaporation as a
non-equilibrium process. These are independent of each other.
For the first, we discuss about the quantum statistics: The analysis in the main
text of this paper is based on the Euclidean action method. This is equivalent
to assume that the basic principle of statistical mechanics of ordinary laboratory
systems works well in calculating the partition function of the canonical ensemble
for our two thermal equilibrium systems. Here let us emphasize that the basic
principle of statistical mechanics of ordinary laboratory systems is the principle of
equal a priori probabilities17), 18) ∗). Hence, if the analysis in this paper and the
comments in previous subsection are true (to imply the breakdown of entropy-area
law for BEH), then it suggests that the principle of equal a priori probabilities results
in the breakdown of entropy-area law for multi-horizon spacetimes in which horizon
temperatures are not equal and a net energy flow among horizons exits. In other
∗) When this principle is applied to the micro-canonical ensemble, the Boltzmann’s relation
S = lnW is obtained, where S and W are respectively the entropy and the number of states. And
when this principle is applied to the canonical ensemble, the free energy is obtained by the relation
in Eq.(A.5).
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words, if the statistics of micro-states of quantum gravity obeys the principle of equal
a priori probabilities, then the entropy-area law breaks down for the multi-horizon
spacetimes.
Then what will be suggested if we adopt the other point of view? Let us dare to
give priority to the entropy-area law, and assume that the entropy-area law holds for
the two thermal equilibrium systems constructed in the assumption 1. Under this
assumption, the discussion in previous paragraph implies that the principle of equal a
priori probabilities and the Euclidean action method is not suitable to the quantum
statistics of gravity in the multi-horizon spacetimes. In this case, the underlying
quantum gravity should be formulated to yield the special statistic property of micro-
states of gravity, which comes to obey the principle of equal a priori probability in
the case of single-horizon limit.4), 5), 7), 6)
Next turn our discussion to the second one, which is completely separated from
the above discussion of quantum statistics. The second discussion is on SdS black
hole evaporation process: Hereafter the heat wall introduced in the assumption 1
is removed. Let us note the inequality Tb > Tc due to Eq.(2.6), which means the
existence of a net energy flow from BEH to CEH due to the exchange of Hawking
radiation emitted by two horizons. This means that, as mentioned in Sec.1, the
region I in SdS spacetime is in a non-equilibrium state, and the SdS spacetime evolves
in time due to the energy flow. This time evolution is the SdS black hole evaporation
process. Here note that Hawking temperature is usually much lower than the energies
Eb and Ec when the horizon is not quantum but classical size.
2) Then the evolution
of BEH and CEH during the SdS black hole evaporation can be described by the so-
called quasi-static process, in which thermodynamic states of BEH and CEH at each
instant of the evolution can be approximated well by thermal equilibrium states.
(Thermodynamic state of BEH evolves on a path in the state space of thermal
equilibrium states. Also the thermodynamic state of CEH do the same, but the path
in state space on which CEH evolves is different from that of BEH.) This implies
that the matter field of Hawking radiation is responsible for the non-equilibrium
nature of SdS spacetime. Because the matter field is in a non-equilibrium state, the
total system composed of SdS spacetime and the matter field of Hawking radiation
is in a non-equilibrium state, even when the horizons are individually in equilibrium
states ∗). If we can formulate a general non-equilibrium thermodynamics for arbitrary
matter fields which are enclosed by two thermal bodies of different temperatures,
then a non-equilibrium SdS thermodynamics may be obtained by applying the non-
equilibrium thermodynamics to matter fields of Hawking radiation.
For non-self-interacting matters, a two-temperature non-equilibrium thermody-
namics has already been constructed.9) Therefore, under the assumption that the
matter field of Hawking radiation is non-self-interacting (e.g. a minimal coupling
massless scaler field φ satisfying φ = 0), the non-equilibrium evolution process
∗) The matter field of Hawking radiation is neglected in the main context of this paper, because
its energy scale is negligible for classical size horizons.2) However, when we proceed to the research
on the non-equilibrium nature of SdS spacetime and its time evolution, it is necessary to consider
the matter field of Hawking radiation which is responsible for the non-equilibrium nature of SdS
evaporation process.
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of SdS spacetime may be described by using the non-equilibrium thermodynam-
ics of non-self-interacting matters.9) Indeed, the non-equilibrium thermodynamics
of non-self-interacting matters has already been applied to the evaporation process
of Schwarzschild black hole,22) and has revealed the detail of evaporation process
as a non-equilibrium process and verified the so-called generalized second law for
the evaporation process.3) However the non-equilibrium thermodynamics of non-
self-interacting matters requires to know a priori the equilibrium state variables of
thermal bodies among which the non-equilibrium matter field is enclosed. Therefore,
before applying the non-equilibrium thermodynamics9) to SdS spacetime, we have
to specify the state variables Xb and Xc.
Finally for self-interacting matters, under the condition that its non-equilibrium
nature is not so strong, some non-equilibrium thermodynamics have already been
constructed.8) Therefore, under the assumption that the strength of non-equilibrium
nature is not so strong (e.g. not so large temperature difference), the non-equilibrium
evolution process of SdS spacetime may be described by using an appropriate non-
equilibrium thermodynamics.8) Concerning self-interacting matters, as far as the
author knows, no one has been applied the theories8) even to Schwarzschild black
hole evaporation process.
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Appendix A
Definitions and formulas in Euclidean action method
Thermal field theory23) is a statistical mechanics for quantum matter fields in
thermal equilibrium in flat spacetime, which is well verified experimentally for lab-
oratory systems. It is generalized by Gibbons and Hawking11) to give a postulated
formulas of temperature and free energy for thermal equilibrium systems of quantum
gravity. This is called the Euclidean action method. Instead of the original works
by Gibbons and Hawking,11) Appendix A in previous work6) may be sufficient for
a review of Euclidean action method. This appendix lists only the definitions and
formulas of Euclidean action method used in the main text of this paper.
TheWick rotation is the transformation of time coordinate t of Lorentzian space-
time to the imaginary value −iτ in the clockwise direction,
Wick rotation : t→ −i τ . (A.1)
32 Hiromi Saida
The Euclidean action of spacetime is defined by
IE[gE ] := i× IL[g] with Wick rotation t→ −i τ , (A.2)
where gE is the Euclidean metric of signature (++++) obtained from the Lorentzian
metric g by the Wick rotation and IL[g] is the Lorentzian action of spacetime. Here
the signature of g is (−+++).
In the Euclidean action method, IE[gE ] corresponds to the partition function
Zcl of thermal equilibrium states of the spacetime under consideration:
lnZcl := IE [gE cl] , (A.3)
where the lower suffix cl means that the metric gE cl in the argument of IE is the
solution of classical Einstein equation.
The equilibrium temperature T is defined by the proper length in imaginary
time direction in the Euclidean space,
T :=
[ ∫ β
0
√
gE ττ dτ
]−1
, (A.4)
where β is the period of imaginary time τ determined by the regularity requirement
of Euclidean space at the event horizon. Since the metric component gE ττ is a
function of spacetime coordinates, the integral in Eq.(A.4) becomes a function of
spatial coordinates. Therefore it is important to specify where the temperature is
defined. Here note that the Euclidean action method is for the canonical ensemble.
This implies the existence of a heat bath whose temperature coincides with the
temperature of the system under consideration, since the system is in a thermal
equilibrium with the heat bath. Therefore it is reasonable to evaluate gE ττ at the
contact surface between the system and the heat bath. The contact surface is the
boundary of the spacetime region. Hence the temperature T should be evaluated at
the spacetime boundary.
Then the free energy of thermal equilibrium states of the spacetime under con-
sideration is defined by
F := −T lnZcl = −T IE [gE cl] , (A.5)
where T is defined by Eq.(A.4) with replacing gE by gE cl.
Appendix B
Key points of Schwarzschild thermodynamics
From the following key points of Schwarzschild thermodynamics, we can learn
the minimal set of assumptions of the BEH’s and CEH’s thermodynamics. Indeed,
thermodynamically consistent de Sitter canonical ensemble has already been con-
structed with referring to the following key points in previous paper.6) There are
three key points which should be shown here. The first one is the zeroth law which
describes the existence of thermal equilibrium states:
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BH
Heat
  Bath
Surface of Heat Bath
   (Observer is here)
Cavity
Fig. 3. Schematic image of thermal equilibrium of black hole with heat bath. This is described
by the canonical ensemble. State variables of black hole are defined at the surface of heat
bath. With those state variables, the consistent thermodynamic formulation is realized using
the Euclidean action method.4)
Key Point 1 (Zeroth law of black hole) Place a black hole in a spherical cavity
as shown in Fig.1 and also the observer at the surface of the heat bath. Through the
Hawking radiation by black hole and the black body radiation by heat bath, the black
hole interacts with the heat bath. Then, by appropriately adjusting the temperature
of heat bath, the combined system of black hole and heat bath settles down to a
thermal equilibrium state. This equilibrium state of black hole under the contact with
heat bath is described by the canonical ensemble. Using the canonical ensemble, the
equilibrium state variables of black hole are defined by the quantities measured at the
surface of heat bath where the observer is. Then the “thermodynamically consistent”
black hole thermodynamics is obtained as summarized below.
The second key point is the difference of black hole thermodynamics from ther-
modynamics of ordinary laboratory systems:
Key Point 2 (Peculiar scaling law of black hole) Extensive and intensive state
variables of black hole show a peculiar scaling law: When a length size L (e.g. event
horizon radius) is scaled as L→ λL with an arbitrary scaling rate λ (> 0), then the
extensive variables X (e.g. entropy) and intensive variables Y (e.g. temperature)
are scaled as X → λ2X and Y → λ−1 Y , while the thermodynamic functions Φ (e.g.
free energy) are scaled as Φ → λΦ. This implies that, because the system size is
extensive, the thermodynamic system size of equilibrium system constructed in the
key point 1 should have the areal dimension. Indeed the surface area of heat bath,
4πr2w, behaves as the consistent extensive variable of system size, where rw is the
radius of the surface of heat bath.
Here recall that, in thermodynamics of ordinary laboratory systems, the in-
tensive variables remain un-scaled under the scaling of system size, the extensive
variables scales as the volume (for the system of three spatial dimensions), and the
thermodynamic functions are the members of extensive variables. However, as noted
in the key point 2, the Schwarzschild thermodynamics has the peculiar scaling law
of state variables. Although the scaling law differs from that in thermodynamics
of ordinary laboratory systems, the peculiar scaling law in Schwarzschild thermody-
namics (and also de Sitter thermodynamics) retains the thermodynamic consistency
as noted in the next key point.
The third key point is the similarity of black hole thermodynamics with ther-
modynamics of ordinary laboratory systems:
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Key Point 3 (Euclidean action method and thermodynamic consistency)
The free energy FBH of black hole is given by the Euclidean action method, where the
integration constant (the so-called subtraction term) of the action integral is deter-
mined with referring to flat spacetime. The action integral is evaluated in the region
denoted by 2M < r < rw which is in thermal equilibrium as noted in the key point 1,
where M is the mass parameter. Then, as for the ordinary thermodynamics, this free
energy is expressed as a function of two independent state variables, temperature and
system size;
FBH(TBH, 4πr
2
w) , (B.1)
where the intensive variable TBH :=
(
8πM
√
1− 2M/rw
)−1
is the Hawking temper-
ature measured by the observer at rw and the factor
√
1− 2M/rw is the so-called
Tolman factor20) which expresses the gravitational redshift affecting the Hawking
radiation propagating from the black hole horizon to the observer. This Hawking
temperature is obtained by Eq.(A.4) of Appendix A. (The temperature of heat bath
should be adjusted to be TBH in the key point 1.) In order to let TBH and 4πr
2
w be
independent variables in FBH, the mass parameter M and the heat bath radius rw are
regarded as two independent variables. Then the thermodynamic consistency holds
as follows: The entropy SBH and the “surface” pressure σBH are defined by
SBH := −∂FBH(TBH, 4πr
2
w)
∂TBH
=
ABH
4
, σBH := −∂FBH(TBH, 4πr
2
w)
∂(4πr2w)
, (B.2)
where σBH has the dimension of force par unit area. (See Appendix B in previous
paper6) for a detail explanation of the thermodynamic meaning of σBH.) These differ-
ential relations among the free energy, entropy and surface pressure are the same as
obtained in thermodynamics of ordinary laboratory systems. Furthermore, as for the
ordinary thermodynamics, the internal energy and the other thermodynamic func-
tions are defined by the Legendre transformation of the free energy; for example the
internal energy EBH is
EBH(SBH, 4πr
2
w) := FBH + TBH SBH . (B.3)
The enthalpy, Gibbs energy and so on are also defined by the Legendre transforma-
tion. Then the differential relations among those thermodynamic functions and the
other state variables also hold, for example TBH ≡ ∂EBH/∂SBH. Furthermore, with
the state variables obtained above, we can check that the first, second and third laws
of thermodynamics hold for black holes.
The above three key points can hold also, at least, for the other single-horizon
spacetimes, and the consistent thermodynamics has already been established for
those single-horizon spacetimes.4), 5), 6)
Here let us comment on the heat bath introduced in the key point 1. In York’s
consistent black hole thermodynamics,4) the heat bath is essential to establish the
thermodynamic consistency in the canonical ensemble as explained in the following:
Generally in thermodynamics, as noted in the key point 3, thermodynamic func-
tions are defined as a function of two independent state variables. Especially the
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free energy should be expressed as a function of the temperature and the extensive
state variable which represents the system size. To satisfy such thermodynamic re-
quirement, the introduction of heat bath gives us two independent variables; the
mass parameter M and the radius of heat bath rw. These two independent variables
makes it possible to define the temperature TBH and the surface area 4πr
2
w as the two
independent state variables of free energy FBH. Therefore the heat bath is necessary
to establish manifestly the thermodynamic consistency.
Appendix C
Useful differential formulas
C.1. First case
Let f be a function of α1, α2 and α3, f = f(α1, α2, α3). And consider the case
that αi (i = 1, 2, 3) are also functions of y1, y2 and y3, αi = αi(yj) (j = 1, 2, 3).
Then define f(y1, y2, y3) := f(αi(yj) ). Let us aim to express the partial deriva-
tives ∂f(α1, α2, α3)/∂αi by the derivatives with respect to yj. Standard differential
calculus gives, ∂yjf =
∑3
i=1(∂αif) (∂yjαi), which is expressed in vector form as

∂y1f∂y2f
∂y3f

 = P

∂α1f∂α2f
∂α3f

 , P :=

∂y1α1 ∂y1α2 ∂y1α3∂y2α1 ∂y2α2 ∂y2α3
∂y3α1 ∂y3α2 ∂y3α3

 . (C.1)
Then, when detP 6= 0, we obtain

∂α1f∂α2f
∂α3f

 = P−1

∂y1f∂y2f
∂y3f

 . (C.2)
In section 4, by setting f = Fb, (α1, α2, α3) = (Tb, A,Xb) and (y1, y2, y3) = (M,H, rw),
we can obtain the conjugate state variables to (Tb, A,Xb) as combinations of partial
derivatives with respect to (M,H, rw). The same is also applied in section 5.
C.2. Second case
Use the same definitions with previous subsection. If f has no α3-dependence
(f = f(α1, α2) ) and αi has no y3-dependence (αi = αi(y1, y2), i = 1, 2), then
Eq.(C.2) reduces to
∂f(α1, α2)
∂α1
=
(∂y1f) (∂y2α2)− (∂y2f) (∂y1α2)
(∂y1α1) (∂y2α2)− (∂y2α1) (∂y1α2)
, (C.3)
and a similar formula given by exchanging α1 and α2.
C.3. Third case
Use the same definitions with previous subsection. If f has no α3-dependence
(f = f(α1, α2) ) and α2 has no y2- and y3-dependence (α2 = α2(y1) ) while α1
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depends on all of yj (α1 = α1(y1, y2, y3) ), then Eq.(C.1) reduces to
∂y1f∂y2f
∂y3f

 =

∂y1α1 ∂y1α2∂y2α1 0
∂y3α1 0

 (∂α1f
∂α2f
)
. (C.4)
This gives
∂f(α1, α2)
∂α1
=
∂y2f
∂y2α1
=
∂y3f
∂y3α1
(C.5)
∂f(α1, α2)
∂α2
=
(∂y1f) (∂y2α1)− (∂y2f) (∂y1α1)
(∂y1α2) (∂y2α1)
(C.6)
=
(∂y1f) (∂y3α1)− (∂y3f) (∂y1α1)
(∂y1α2) (∂y3α1)
.
Furthermore, if f depends only on α1 (f = f(α1) ), then Eq.(C.5) reduces to
∂f(α1)
∂α1
=
∂y1f
∂y1α1
=
∂y2f
∂y2α1
=
∂y3f
∂y3α1
. (C.7)
Appendix D
Near Nariai case
This appendix analyzes the near Nariai case (near extremal case of SdS space-
time) of our two thermal equilibrium systems of BEH and CEH. Note that, in the
exact Nariai case, the two horizons degenerate and our two thermal equilibrium sys-
tems of horizons disappear. Hence we consider the near Nariai case as a perturbation
of the exact Nariai case. We introduce two independent small parameters, δw and
δbc, defined by
rw =: 3M + δw , rc =: rb + δbc , (D.1)
where we require δbc ≪ M which means the near Nariai case. The parameter δw
controls the position of the heat wall, and satisfies, −(3M − rb) < δw < rc − 3M .
In the following, we expand the temperatures and free energies of our two thermal
equilibrium systems by the small parameters δw and δbc, in which the 0-th order
values are of the Nariai limit δbc → 0 and δw → 0. We measure the size of the
exact Nariai spacetime by the mass parameter M . Then, it is useful to introduce
the following supplemental small parameters, δH and δα, defined by
H =:
1√
27M
− δH , α =: π
2
− δα , (D.2)
where α is given by sinα =
√
27MH. One of three parameters ( δbc , δH , δα ) is
independent. By the definition of α, sinα =
√
27MH, and Eq.(2.3), we obtain
2
√
27M δH = δ
2
α +O(δ
4
α) , δbc = 2
√
3M δα
[
1 +
1
3
δ2α +O(δ
4
α)
]
. (D.3)
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Furthermore, from Eq.(3.10), we obtain
fw =
δ2bc
36M2
[
1− 4
(
δw
δbc
)2 ]
+O(δ4bc) +O(δ
2
bc δw) . (D.4)
The requirement fw > 0 means
∣∣δw/δbc∣∣ < 1/2.
From the above, we obtain the near Nariai value of temperatures (4.1) and (5.1),
Tb = TN
[
1 +
δbc
9M
+O(δ2bc)
]
, Tc = TN
[
1− δbc
9M
+O(δ2bc)
]
, (D.5a)
where
TN =
1
6πM
[
1− 4
(
δw
δbc
)2 ]−1/2 [
1 +O(δw) +O(δ
2
bc) +O(δw δ
2
bc)
]
. (D.5b)
This means that, in the near Nariai case, the temperatures of our two thermal
equilibrium systems are equal up to the leading term. Hence, at the leading term
approximation, the total system composed of two horizons is in a thermal equilibrium
state in the near Nariai case. Then, as discussed in the first paragraph in Sec.6.1,
we expect that the entropy-area law holds at the leading term approximation in the
near Nariai case. To see it, let us show the free energies (4.3) and (5.3) in the near
Nariai case,
Fb = 3M − 3M
2
[
1− 4
(
δw
δbc
)2 ]−1/2
+O(δbc) +O(δw) +O(δbc δw) (D.6a)
Fc = Fb − 3M . (D.6b)
Here one may think that the difference 3M = Fb−Fc results in the difference between
entropies of BEH and CEH. But the definition of entropy, S := −∂F (T,A,X)/∂T ,
is important. Up to the leading term, the system size is A = 4π(3M)2 and M is
fixed in calculating the entropy. Therefore the difference 3M does not mean the
difference between horizon entropies. The entropy of BEH is equal to that of CEH
at the leading term approximation in the near Nariai case. However, unfortunately,
we can not check if the entropy-area law recovers at the leading term approximation,
because the state variables Xb and Xc are not specified and the partial derivative
−∂F/∂A can not be calculated. At present, we simply expect that the entropy-area
law holds at the leading term approximation in the near Nariai limit.
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